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- full marks for the questions.

1. Answer any seven questions from the
following : ‘ - 1x7=7
(a) Describe the domain of definition of the
z .
zZ+Z

function f(z)=

(b) What is the multip_l'icativexi‘hverse of a
non-zero complex number z=(x, y) ?
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(i) The value of log(-1) is

(¢) Verify that (3, 1) (3,-1) %‘: -115)=(2; 1). i) .0
(ii) 2nni
(d) Determine the accumulation points of (iii) i
the set z, - i (h=1,2,3,.) (iv) -ni  (Choose the correct answer)
PR ) gl &0y waef®,

G) U z=x+iy, then’sinz,is
e) Writ _Ri 1 ‘
(e) rite th? Cauchy-Riemann equations | (i) sinxcoshy+icosxsinhy
for a function f(z)=u+iv. ' :
T : (i) cosxcoshy-isinxsinhy
() When a function fis said to be analytic g (it} cosxsinhy +isinxcoshy
at a point? '
(iv) sinxsinhy —icos xcoshy

(g) Determine the singular points of the (Choose the correct answer)

function- f(z)=‘__2z+1 . ' g irmpeas thén o
z(zz+1) o ' (i) z=nm=, (n-’—-O,il,iQ,...)
W ew@ia)is g @) z=Zenm (i=0,5122,.)
: 252 7iai 2 ; . , s )

) -e : | i) z=2n7z, (n=0,+1,£2,..)
(i) e2 ' ' ' o
(i) 2e : (iv) z=%+2n}z, (n=0,+1,+2,..)

(iv) -2e (Choose the cqrréct answer) - (Choose the correct answer)
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() If z is a point in the z-plane, then

lim f(@)=w if
1
YOI
il
@) Tim —~ 0
Sy

@) lim — __g

=7

(Choose the correct answer) .

Answer any four questxons from the
following : ) . 2X4 8

Si

0—0@-0@fa

(a) Reduce the quantity

to a real number

(b) Define a connected set and give one
example.
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(h) Show that

*(c) Find all values of z such that

exp (2z-1)=1.

" (d) Show that log(i®)# 3logi.

(e) Show that

2sin(z, + z,) sin(z, — z,) = cos 2z, — cos 2z,

(/) If zpand wyp are points in the z plane
and w plane respectively, then

z—> 2

prove that lim f(z)= if and only if

iy ),

z—2zg f(Z) “

(g) State the Cauchy integral formula. Find
1 1

271 [z -2

dz if zy is any point
interior to simple closed contour C.
V3

i2t i
T AL
y 44

(e R s Yo N B
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3. Answer any three questions from the : i ' '
following : : 5x3=15 (d) (i) Show ‘_that the function

. ' } ' f(z)= expz is not analytic

(@ (i) If aand b are complex constants, rihere” .,

use definition of limit to show that v i
(i) Find all roots of the equation

lim (az+b)=az,+b. Sy _
z-2g . . - LT :
_ logz = 15 . 2
(@) Show that . ]
Sz : . :
lim (:) dots niot exist. - 3 (e) If_.g fuI:lCthl’-l fis apalytnc at ?11
z-0\z : . points interior to and on a simple
T closed contour C, then prove that
(b) Suppose that lim f(z)=w, and . I f (z)dz =0.
: . z—2g P e . C -
lim F(z)=W,. o - F : N ,
e | | | (9 Evaluate : . 2ut2%=5

A

Prove fhat" lim [ f (z) F(z)] = woWo .
Z—‘)ZO ) . .
i i z—(7i/2)

) _ : dz
() () Show - that for the function
f(z)=z, f'(z) does ‘not exist

anywhere. - af b AR zZ_ 4z
. : e () i 2z +1
42 : 1 . where C denotes the positively oriented

(i) Show that fim -T2 4. : ety
. 2o (z - 1)2 boundary of the square whose sides lie

albng the lines x=+2 and y=%2.
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(g) Prove that any polynomial
P(2)=ay + @z +ay2? +...+ 4, 2" (an #0)

of degree n(n >1) has at least one zero.

(h) Find the Laurent series that represents

: (1) .
the function f(z)= 2> sm(—i) in the
72

domain 0 <|z| <.

4. Answer any three questi'ons from the
following : 10x3=30

{a) (i) If a function f is cohtinuous
. throughout a region R that is both
closed and bounded, then prove

that there exists a non-negative

real number p such that | f(z)| <

for all points zin R, where equality

holds for at least one such z.
4
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(b)

@

(i)

Q)

(it)

- (i)

Let a function ) :

f(2)=ulx y)+iv(x, y) ‘b_e analytic

throughout a given domain D. If
| f(z)| is constant throughout D, .
then prove that f(z) must be
constant there too. 3
Show that the function

f(z)=sinxcoshy +icosxsinhy
is entire. 3

Suppose that f(zo.)= g(zy)=0
and that f'(z) g'(z,) exist, where

g'(z9)#0. Use definition of
derivative to show that

im L@: f’(zo) . .
% 92) g'(zo) -

Show that f'(z) does not exist at
?ny point if f(z)=2x+ixy?.
3

If a function fis analytic at a given
point,  then prove that its
derivatives of all orders are
analytic there too. 4
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(d)

Let the function

F2)=ulx, y)+iv(x,y) be defined

throughout some g-neighbourhood of a

point zy =Xy +1Yp. If Uy Uy, Uy, Uy
exist everywhere in the neighbourhood,
and these partial derivatives are

continuous at (x,, ys) and satisfy the
Ca_luchy-Riemanri equafions at (xo, yé),
then prove that f'(z,) exist and
F(z0)=1u, +iv, where the right hand
side is to be evaluated at (x,, Yo)-
Use it to show that for the function
f@)=e*.e", f "(z) exists everywhere
and f"(z)= f(z) 6+4 10

(i). Prove that the existence of the
derivative of a function at a point
implies the continuity of the
function at that point.

With the help of an example show
that the continuity of a function
at. a point does not imply the
existence of derivative there. _
3+5=8
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(e).

@

@

(ii)
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_E g
i SRR

Find f'(z) if

f( )_22z+11(z;&_%) £

' dz . .
Prove that I—z—=7fl .where C is

the right-hand half z=2e"
) of the circle |z|=2
from z=-2i to z=21 S .

If a function f is analytic
everywhere inside and on a simple
closed contour C, taken in- the
posiﬁve sense; then prove that

_f(s)
2m I (s z)2 ds where s

denotes points on C and z is

interior to C. 5

Cé_ntd.



O 0

(@)

" what is the value of _[ 2t dz 9
c

Use it to show that

Evaluate J = Iz““ dz
c

where C is the positively oriented |

< ; |
circle z=Re"(-z<6<x) about|
the origin and a denote any non-
-zero real number.

If a is a non-zero integer n, then

4+1=5

Let C denote a contour of length
L, and suppose that a function f(2)

‘is piecewise continuous on C. If u -

is' a non-negative constant such

that If(z)l < u for all point zon C

at which f(z) is defined, then prove :

<ul

that If(z) dz
T
3
where C is the arc of the circle
|z|=2 from z=2 to z= 2i that lies
in the Ist quadrant.  3+2=5 |

<

izz—-l
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@ @
(ii)
(ii1)

M) @)
(ii)
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Ai)ply the Cauchy-Goursat

theorem to show that If (z)=0
C = -
when the contour C is the unit

circle |z| =1, in either direction
and f(z) =ze =. 4
If Cis thé positively oriented unit
circle |z|=1 and f(z)=exp (22)

find II(—f)dz. .3
c z

Let zo be any point interior to a
positively oriented simple closed
curve C. Show that

dz

=0,(n=1, 2,...), 3
4 (z - zo)n+1 ( O
Suppose that 2z, =X, +1Yn,
(h=1,2,..) and z=x+iy. Prove

that lim z, =z if and only if

n—x

lim x, =x and lim y, =Y. 5
n—-x ) n—wo ¥ :
Show that
: © n-2
2237 = 3 2N (lz|<°°)
2 (n-2)
5)
Contd.



